Abstract: In this paper, we establish sufficient conditions for the oscillations for the all solutions of the first order non-linear neutral difference equations of retarded and advanced type. Our approach is to reduce the oscillation of neutral difference equations to the nonexistence of eventually positive solutions of non-neutral difference inequalities. Our results extend and improve several known results in the literature.
Introduction
We shall be concerned with the oscillatory behavior of solutions of the first 
where n ∈ N (n 0 ) = {n 0 + 1, n 0 + 2, ...} (n 0 is a fixed nonnegative integer), δ = ±1, α is a quotient of odd positive integers, ∆ is the forward difference operator defined by ∆x(n) = x(n + 1) − x(n), and the following conditions (H 1 ) to (H 6 ) are assumed to hold:
(H 1 ) τ is a positive integer and σ is an integer;
(H 2 ) {p(n)} is a sequence of real numbers;
(H 3 ) there exists a constant p such that −1 < p ≤ p(n) ≤ 0;
(H 4 ) for any n ∈ N (n 0 ), F (n, x) is continuous in x ∈ R;
(H 5 ) there exists a sequence {q(n)} of positive real numbers such that |F (n, u)| ≥ q(n) |u|;
(H 6 ) uF (n, u) > 0 for n ∈ N (n 0 ) and u = 0. ∆[x(n) + p(n)x(n − τ )] + δF (n, x(n − σ)) = 0.
By a solution of equation (1) we mean a real sequence {x(n)} which satisfies the equation (1) for which sup n≥m |x(n)| > 0 for any m ∈ N (n 0 ). We assume that equation (1) always has such solutions. A solution of (1) is called non-oscillatory if it is eventually positive or eventually negative. Otherwise, it is called oscillatory. Equation (1) is called oscillatory if all its solutions are oscillatory.
In recent years there has been much interest in studying the oscillation of first order neutral delay and advanced difference equations. In particular Thandapani et al. [8] established sufficient conditions for oscillation of all solutions of equations (1) for the case p(n) > 0 and
However very little is known about sufficient conditions for equation (1) to be oscillatory for the case p(n) < 0 with σ < 0.
The purpose of this paper is to establish sufficient conditions for the oscillation of all solutions of equation (1) when p(n) is negative, and σ < 0 or σ > 0. In Section 2, we reduce the oscillation of the neutral difference equation (1) to the nonexistence of eventually positive solution of non-neutral difference inequalities of the form
where β is an integer and {q(n)} is a sequence of positive real numbers. Sufficient conditions for (3) to have no eventually positive solution have been established by many authors. For example see [1, 3] and [5] . By combining these results with the results obtained in Section 2, we derive oscillation criteria for equation (1) in Section 3. The results obtained here extended and improve some of the results obtained in [8] .
Reduction to Non-Neutral Difference Inequalities
In this section we consider the equation
where δ = ±1, and conditions (H 1 ) − (H 6 ) and the following conditions (H 7 ) − (H 9 ) are assumed to hold: Remark 1. For the case f (u) = u α , we can choose ϕ(u) = min 1, 2 1−α u α and w(u) = u α .
Lemma 2. Suppose that δ = −1 and (H 1 ) − (H 7 ) hold. Let {x(n)} be an eventually positive solution of (4) such that lim sup n→∞ x(n) > 0. Set
Then {y(n)} is eventually positive.
Proof. Let {x(n)} be an eventually positive solution of (1) such that lim sup n→∞ x(n) > 0 and let {y(n)} be its associated sequence defined by (5) . Then the fact that ∆y(n) = F (n, f (x(n − σ))) > 0 for all large n, implies that {y(n)} is of constant positive or constant negative sign eventually. This fact, in turn, implies that {y(n)} is eventually positive or eventually negative.
If y(n) > 0 does not hold then y(n) < 0 eventually. If {x(n)} is unbounded, then there exist a sequence {n k } of integers which tends to infinity and
such that lim k→∞ x(n k ) = +∞ Then, from (5), we have
From the above inequality, we obtain lim k→∞ y(n k ) = +∞ This is a contradiction. If {x(n)} is bounded, then there is a sequence {n k } of integers which tends to infinity such that
This is also a contradiction and the proof is complete.
Lemma 3. Suppose that δ = +1, and (H 1 ) − (H 7 ) hold. Let {x(n)} be an eventually positive solution of (4) then y(n) > 0 eventually.
Proof. Let {x(n)} be an eventually positive solution of (4) and let {y(n)} be its associated sequence defined by (5) . Then, the fact that ∆y(n) = −F (n, f (x(n− σ))) < 0, for all large n, which implies that {y(n)} is strictly decreasing for all large n. Hence, if y(n) > 0 does not hold, then y(n) < 0 eventually and so there exist a constant µ > 0 such that y(n) ≤ −µ for all large n, that is
for all large n. We consider the following two possible cases.
Case 1: {x(n)} is unbounded, i.e., lim sup n→∞ x(n) = +∞. Thus, there exists a sequence {n k } ∞ k=1 of integers such that n k → +∞, x(n k ) → +∞ as k → +∞ and x(n k ) = max n 0 ≤n≤n k x(n). Then, from (6), we have
Taking the superior limit as k → ∞, we obtain
which is also a contradiction. The proof is complete.
Theorem 4. Let δ = −1. Suppose that (H 1 ) − (H 9 ) hold. Then every solution of (4) is oscillatory or tends to zero if there exists a real sequence {λ(n)} ∞ n=n 0 such that 0 < λ(n) < 1, n ∈ N (n 0 ) and the difference inequality
does not have any nonoscillatory solution where
Proof. Assume the contrary. Without loss of generality, we may assume that the equation (4) has an eventually positive solution {x(n)} which satisfies lim sup n→∞ x(n) > 0. Then by Lemma 2, y(n) > 0 eventually and {y(n)} is increasing for all large n, where y(n) is defined by (5) . Summing (4) from N to n − 1 yields
for all large n. Put
Then y(n) ≥ z(n) and
for all large n, so that {z(n)} is an eventually positive solution of (7). This is a contradiction. The proof is complete.
Theorem 5. Let δ = +1. Suppose that (H 1 ) − (H 9 ) hold. Then every solution of (4) is oscillatory if there exists a real sequence {λ(n)} ∞ n=n 0 such that 0 < λ(n) < 1, n ∈ N (n 0 ) and the difference inequality
has no nonoscillatory solution, where Q(n) is defined by (8) .
Proof. Assume the contrary. Without loss of generality we may assume that {x(n)} is an eventually positive solution of (4). Then by Lemma 2 y(n) > 0 eventually and {y(n)} is increasing for all large n, where y(n) is defined by (5) . Summing (4) for n to ∞, we have
for all large n. By the same arguments as in the proof of Theorem 4, we find that
Then y(n) ≥ z(n + τ ) eventually. We see that
for all large n, so that {z(n)} is an eventually positive solution of (9) . This is a contradiction. The proof is complete.
Applying Theorem 4 and 5 to equation (1), we have the following corollaries.
Corollary 6. Let δ = −1. Suppose that (H 1 ) − (H 6 ) hold. Then every solution of (1) is oscillatory or tends to zero if the difference inequality
has no eventually positive solution where
Corollary 7. Let δ = +1. Suppose that (H 1 ) − (H 6 ) hold. Then every solution of (1) is oscillatory if the difference inequality
has no eventually positive solution, where P (n) is defined by (10) Proof of Corollaries 6 and 7. We note that
does not have any eventually positive solution if and only if
does not have any nonoscillatory solution, where η is any integer and {r(n)} is any real sequence. In fact, if {v(n)} is an eventually negative solution of (12), then z(n) = −v(n) is an eventually positive solution of (11). Therefore, the conclusions of Corollaries 6 and 7 following by applying Theorems 4 and 5 to equation (1) and by choosing
(see Remark 2.1).
Oscillation Theorems
In this section we derive oscillation for equation (1) . First we consider the case α = 1. We need the following results which can be proved from the results that are proved in [5] for our subsequent discussion.
Lemma 8. Let α > 1 and σ be a negative integer. Assume that (H 4 ) − (H 6 ) holds. Then the difference inequality.
does not have any eventually positive solution if
Lemma 9. Let 0 < α < 1 and σ be a positive integer. Assume that (H 4 ) − (H 6 ) holds. Then the difference inequalilty.
does not have any eventually positive solution if (13) holds.
Combining Corollaries 6 and 7 with Lemmas 8 and 9, we derive the following theorems.
Theorem 10. Assume that (H 1 ) − (H 6 ) holds. Suppose that δ = −1, α > 1 and σ is a negative integer. If
then every solution of equation (1) is oscillatory or tends to zero.
Theorem 11. Assume that (H 1 ) − (H 6 ) holds. Suppose that δ = +1, 0 < α < 1 and σ > τ if (14) hold, then every solution of equation (1) is oscillatory.
Corollary 12. Assume that (H 1 ) − (H 6 ) holds. Suppose that δ = −1, α > 1, σ is a negative integer and
Then every solution of equation (1) is oscillatory or tends to zero.
Corollary 13. Assume that (H 1 ) − (H 6 ) holds. Suppose that δ = +1, 0 < α < 1, σ is a positive integer, and (15) hold. Then every solution of equation (1) is oscillatory.
Proof of Corollaries 12 and 13. Since {p(n)} is bounded for n ∈ N (n 0 ), then it is easy to see that (15) implies (14). Hence, the conclusions of Corollaries 12 and 13 follows from Theorems 10 and 11 respectively.
Next we consider the equation (2) . To prove our results we need the following lemmas which can be proved by the results that are proved in [3, 4] . (2) is oscillatory.
Remark 18. Zhang [9] considered equation of type (1) and obtained oscillation results for the case F (n, x α (n − σ)) = q(n)x α (n − σ), {p(n)} is a negative constant in (0, 1] and σ is a positive integer whereas we obtain results for the case {p(n)} is sequence of real numbers and σ is a positive or negative integer.
